A generalized dilaton action is considered of which the standard dilaton black hole and spherically reduced gravity are particular cases. The Arnowitt-Deser-Misner (ADM) and the Bondi-Sachs (BS) mass are calculated. Special attention is paid to both the asymptotic conditions for the metric as well as for the reference space-time. For the latter one we suggest a modi ed expression thereby obtaining a new de nition of energy. Depending on the parameters of the model the Hawking radiation behaves like a positive or negative power of the mass.
Introduction
Over the last few years 1+1 dimensional dilaton theories have been studied extensively in their string inspired (CGHS) version 1] as well as in more general forms 2]. One of the main motivations to study such models arises from the hope that within the simpli ed setting of 2D models one can gain insight into physical properties of 4D gravity. They actually allow for example black hole solutions and Hawking radiation and are more amenable to quantum treatments than their 4D counterparts. The two most frequently considered theories, the string inspired CGHS as well as spherically reduced gravity (SRG) di er drastically in some of their physical properties. For example di erences were observed with respect to the completeness of null geodesics for those two models 3]. These di erences directly lead one to investigate physical properties of a generalized model of which the two prominent examples are simply particular cases.
Important classical quantities are the energy at spatial and null in nity, the so called Arnowitt-Deser-Misner (ADM) and the Bondi-Sachs (BS) mass, respectively (provided the global structure of the space-time is the same as for SRG). For general models, however, there exist in general no at space time solutions 3] and therefore a proper reference space-time has to be chosen. A second important point is to realize that these \masses" depend on the asymptotic behavior of the metric and are therefore only de ned with respect to a particular observer. Our approach is based on the second order formalism. Signi cant insight can also be gained from a rst order formalism 4], 5 ].
An important feature in semiclassical considerations is the behavior of Hawking radiation. In the CGHS model it is just proportional to the cosmological constant whereas the dependence in SRG is inverse to its mass, which implies an accelerated evaporation towards the end of its lifetime. As we will show a generalized theory will exhibit Hawking radiation which is proportional to the black hole mass in terms of positive or negative powers of the black hole mass, depending on the parameters of the model.
In section 2 we repeat some relevant results of 3] for the metric and the global structure of the classical solution of a generalized dilaton Lagrangian which, for a certain range of parameters posesses a singularity structure coinciding with the one of the Schwarzschild black hole. The ADM and BS mass are calculated in section 3. Furthermore we will present a de nition for energy, di ering from the one proposed by Hawking 6] , by taking a modi ed reference space-time. The path integral measure and the problem of interpretation of various energy de nitions will be discussed in section 4 before we nally demonstrate the dynamical formation of black holes in the frame work of conformal gauge, with special emphasis on the necessary boundary conditions. The classical solutions of (1) were already found in 3] but since the solutions for the metric will be used extensively in the following sections they shall be repeated here. Letting represent one of the coordinates the line element reads (ds) 2 . As can be seen from (15) and (21) for 0 < a < 2 these metrics go to the unit metric or to de Sitter metric at the asymptotic at or constant curvature regions. For a 6 2 (0; 2) we cannot construct static metrics with proper asymptotic behavior. Throughout this paper asymptotically Minkowski, Rindler or de Sitter solution will imply 0 < a < 2.
The global structure is completely determined by l(u) or equivalently by l( ), which is nothing else but the norm of the Killing vector whose zeros correspond to the horizons. The corresponding Penrose diagrams for all possible values of the parameters of the action (1) were presented in 3], where it was shown that genuine Schwarzschild like behavior is restricted to the region b 0 and a < 1:
3 ADM and BS Mass
ADM Mass
The aim of this section is to calculate the ADM mass for our model. More precisely, we will obtain the value of a generalized de nition for the energy at spatial in nity, for space-times whose lapse does not approach 1 asymptotically. The standard approach to obtain this quantity is to split o the dynamical part h and from the metric g = h + and the dilaton eld = vac + , respectively and then calculate the energy de ned as the value of the standard Hamiltonian taken on the shell of zero constraints 13] 14]. Instead of going through these lengthy arguments we shall rst review some recent very elegant methods that arise from the canonical formalism of gravity 7] 15] and will later on apply them to solutions of our model. We review what kind of slicing we have to work with and will then outline the main steps on how to obtain the expression for the total energy. Consider a one-dimensional spacelike slice drawn in our spacetime (see Fig.1 To obtain the expression for the total energy one has to cast the action into hamiltonian form. Boundary terms have to be added to the action to ensure that its associated variational principle xes the induced metric and the dilaton on the boundary. As shown in 7], the form of a suitable Hamiltonian with boundary terms at B is the following:
m (25) where P is the ADM momentum conjugate to and H and H r are the Hamiltonian and the momentum constraint respectively. Since the expression for the Hamiltonian (25) diverges in general, a reference Hamiltonian H 0 has to be subtracted to obtain the physical Hamiltonian. E, which de nes the quasilocal energy is given by E ql = e ?2 (n ] ? n ] 0 ) m (26) where the second term indicates that the value is referenced to a background. We shall only consider the case when N r = 0 at B, i.e the on-shell value of Hamiltonian will be associated only with time translations (H does not generate displacements normal to the boundary). De ning the total energy as the value of the physical hamiltonian on the boundary we nally get E Hj B = N E ql = 4Ne ?2 (n ] ? n ] 0 )j B m (27) Only for N = 1 this coincides with the ADM mass, whereas the additional factor N in (27) gives the proper de nition for the total energy for spacetimes whose lapse doesn't go to one asymptotically 17, 6] . However, as we shall see at the end of this section, the form of (27) is not unique.
To apply this result to our action (1) we take the line element
m (28) with the same g( ) and l( ) as in (3) and (4) , respectively. This form of the metric is obtained from (2) by a transformation analogous to (20) . For g = 1 (a = 1) this is just the metric in generalized Schwarzschild coordinates. We see that now corresponds to the radial coordinate of the ADM-metric (24), r.
Since the radial shift is zero the unit normal n to the boundary B is therefore simply
we obtain
where l 0 denotes the function in the metric (2) of a reference space-time.
Where possible we will use at space-time as our reference. It should be noted that this expression is independent of the function g( ) and therefore we have no a-dependence on E for the action (1). Calculating this quantity at spacelike in nity corresponds to the ADM mass. Inserting (4) into (31) with C = 0 for l 0 the diverging terms cancel each other whereas the next order terms give a nite contribution. We obtain This coincides with the expectation that the parameter C is proportional to the mass. Notice that for these expressions the reference space-time (C = 0) itself contains already a curvature singularity 3] except for the special cases considered below. For spherically reduced gravity (a = ?b = 1 2 the at space-time region is located at ! ?1. Therefore, by using (6) it is straightforwardly veri ed that the next order term of (32) becomes O(u ?1 ) which coincides with the usual ADM expression for the Schwarzschild black hole.
However, the results (32) and (33) still retain some arbitrariness. To show this consider the transformation of (8) This preserves the form of the metric
and at the same time we are able to obtain dimensions of length for U and V . Simultaneously E ADM is changed. We see that an unambiguous de nition of E ADM includes two important ingredients. The rst one is the reference point for energy which is speci ed by the choice of ground state solution. We de ne the ground state con gurations by C = 0. For the important particular cases of asymptotically Minkowski , Rindler and de Sitter models this choice gives zero or constant curvature ground state solutions. The second ingredient is the asymptotic condition for the metric. It corresponds to the choice of an observer who measures energy and Hawking radiation at the asymptotic region. This ambiguity in the choice of time for the asymptotic observer is expressed in (35). In the spirit of these remarks, the value (32) and (33) of the ADM mass should be speci ed as "the ADM mass with respect to C = 0 solution measured by an asymptotic observer with time and length scales de ned by metric (2) 
Asymptotically de Sitter spaces:
A rescaling of (8) However, this condition is not easily implemented because N diverges in general at the boundary. Here we suggest the more natural choice of leaving the lapse in the reference term which then still ful lls the foregoing condition. As a consequence this modi es (27) and (31) This value depends again in the same manner as above on the asymptotic condition for the metric. Note that for asymptotically Minkowski, Rindler or de Sitter solutions the two expressions (33) and (45) for E agree. On the other hand, for arbitrary asymptotic behavior the two values of E correspond to two di erent de nitions of the asymptotic observer in reference space-time. In a recent paper 18] Mann also considered a modi ed reference space-time for the energy to obtain the so called quasilocal mass, which also diverges from Hawking's proposal. Note that the same rescaling as in (34) could certainly be applied to (44) thereby giving additional coe cients of B and the parameters. A similar result was also obtained in 19] by applying a Regge-Teitelboim argument.
Bondi-Sachs Mass
In the rst part of this chapter we obtained the value of the total energy which corresponds to the ADM mass at spatial in nity. Here we will show that E on I + , the so called BS mass E BS , equals E ADM and does not depend on the value of the retarded time coordinate v. However, the procedure to obtain this quantity is logically di erent. The main di erence with respect to the calculation of the ADM mass above is that we do not take the limit ! 1 along a single slice but instead we will consider the limit of expression (27) along a particular null hypersurface N associated with di erent slices along a line of constant retarded time 20] (see Fig.2 ). For convenience we will work again with the EF-metric (8). ) which is exactly the same as expression (31) and therefore the ADM mass and the Bondi-Sachs mass turn out to have the same value. This can be readily understood by recalling that the di erence between the BS and the ADM mass is the integral of a stress energy ux which vanishes at this purely classical level. Similarly (53) exactly reproduces the result of (44) thereby showing that also the modi ed de nition of mass on I + agrees with the value at spatial in nity. 4 (60), (61) and (62) It is easy to demonstrate that our result is independent of a particular choice of conformal coordinates provided the behavior at the asymptotic region is xed. Without destroying the conformal gauge one can change coordinates so that Before we start to apply (65) to some speci c space-times we remark that as in the case of the ADM and Bondi mass the value will once again depend on our choice of the asymptotic behavior of the metric. We will use the same form of the metric as for the calculation of the ADM mass, equations (35) and (37), which give the metric (55) after a transformation like (20) . For the most interesting space-times of our action (1) we will explicitly present the solutions.
Asymptotic Minkowski spacetimes:
As mentioned above this corresponds to b = a ? 1 
It is also known 27] that in four dimensional Einstein gravity one can de ne energy in a unique and self-consistent way if and only if in the asymptotic region the metric is approaching fast enough that of at Minkowski space.
As a consequence, Hawking radiation and ADM mass depend on a choice of asymptotic conditions and path integral measure. In dilaton gravity we have a new entity which is absent in Einstein gravity, the dilaton eld. One is tempted to use a rescaled metric at some steps of the calculations. In the present paper such a rescaling is trivial everywhere. This means that we are using just the metric g which appears in the action (1) to de ne the path integral measure, stress energy tensor etc. Of course, this is just a matter of interpretation. One can claim that the rescaled metric ( )g describes the geometry of space-time and thus should be used in the de nitions of the above mentioned quantities. However, the rescaled metric should be used everywhere. Otherwise, the quantum theory becomes inconsistent. For example, a part of di eomorphism invariance can be lost. We believe that if one wishes to keep contact to four dimensional Einstein gravity, which is di eomorphism invariant, one should retain general coordinate invariance 3 . In the context of dilaton gravity models a transition from g to g = ( )g means replacement of one particular dilaton interaction by another. Such a replacement should in general change the Hawking radiation because the de nitions of the stress energy tensor and path integral measure and the asymptotic behavior of metric are not conformally invariant. At least, conformal invariance of the Hawking radiation was never proved. Such conformal equivalence was conjectured in a recent paper by Cadoni 29] who used conformal transformation in general dilaton theory to remove kinetic term (r ) 2 of the dilaton eld. He also used a -dependent path integral measure and -dependent stress energy tensor to de ne the Hawking radiation. A comparison shows that his results for the Hawking temperature di er by an a and b dependent factor from ours, which were obtained directly without use of conformal transformation. We conclude that conformally equivalent theories do really give di erent results for the Hawking radiation. This statement can be illustrated by an example from . 30], where the CGHS black hole was transformed to the at Rindler space-time. Due to the absence of black hole curvature singularity any radiation in the latter space should be considered as the Unruh radiation rather than the Hawking one.
We have seen that both ADM mass and Hawking radiation depend on the asymptotic behavior of the metric and on the subtraction procedure of refer-ence space-time contribution. This dependence is quite natural from a physical point of view. Since energy and energy ux are not coordinate invariant, in addition to a zero energy state one should also de ne two observers. One of them corresponds to a particular solution, and the other to the reference zero point con guration. For asymptotically Minkowski, Rindler or de Sitter solution there is a choice which is clearly preferable. With this choice our results for ADM mass and Hawking radiation are independent of coordinate transformations which vanish rapidly enough at asymptotic region. In the case of four dimensional Einstein gravity appropriate asymptotic conditions were formulated by Faddeev 27] . For the CGHS model with Polyakov{Liouville term the suitable asymptotic conditions were found recently 14]. The lower limit in the integrals in (96) and (98) plays no role, however it should be the same and constant in both equations. The sign in (96) can be xed by calculating @ ? .
Asymptotically Minkowski solutions
Consider now the case a = b + 1 corresponding to asymptotically Minkowski solutions in more detail. Let 0 < a < 2. One can easily demonstrate that in the asymptotic regions before and after the formation of a black hole the metric of the solutions (96) and (95) This constant is proportional to the energy of the shock wave measured by a Minkowski space observer. This con rms our previous result (41) for the ADM mass of black hole in asymptotically minkowskian space-time.
It is tempting to calculate the Hawking radiation by comparing normal ordering prescriptions and Green functions in two asymptotic regions, before and after formation of a black hole 31]. If such a method could be applied in the coordinate systems (x + ; x ? ) and (x + ; h(x ? )), the stress energy tensor of the Hawking radiation would be calculated by di erentiating the function h(x ? ). This appeared, however, not to be the case. The full ground state solution is covered by positive (or negative) values of x or t. Hence the Green function di ers from the standard expression valid for in nite range of all coordinates.
Conclusions
In the present paper we calculated the ADM and BS mass and Hawking radiation of the black hole solutions in generalized dilaton gravities described by the action (1). Special attention was paid to asymptotic conditions for the metric eld. It turned out that both mass and stress energy tensor depend on these conditions. From a physical point of view this means that they are in uenced by the choice of an asymptotic observer. For generic a and b this choice is not unique. It rather depends on the interpretation of particular two dimensional model and its relation to four dimensional gravity. For the selected values of a and b corresponding to asymptotically Minkowski, Rindler or de Sitter solutions there exists a preferred coordinate frame at in nity. This fact allows some physical conclusions. We can see that, depending on the parameters of the dilatonic action, the Hawking temperature can be related to the black hole mass with positive or negative power. In a fully quantized theory the parameters a and b should become running couplings being functions of a scale parameter which could be the black hole mass. Thus it could happen that a black hole which starts its evolution near the point a = ?b = 1 2 , corresponding to spherically symmetric gravity, migrates in the course of evaporation to another region of the (a; b) plane where the heat capacity becomes positive. With our present level of understanding the last statement is nothing more than an unsupported speculation, which should, however, be able to describe black hole evolution in some realistic quantum theory.
